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BERGMAN-TOEPLITZ OPERATORS ON WEAKLY PSEUDOCONVEX
DOMAINS
TRAN VU KHANH, JIAKUN LIU, PHUNG TRONG THUC
Abstract. We prove that for certain classes of pseudoconvex domains of finite type, the
Bergman-Toeplitz operator Tψ with symbol ψ “ K
´α maps from Lp to Lq continuously
with 1 ă p ď q ă 8 if and only if α ě 1
p
´
1
q
, whereK is the Bergman kernel on diagonal.
This work generalises the results on strongly pseudoconvex domains by Cˇucˇkovic´ and
McNeal, and Abeta, Raissy and Saracco.
1. Introduction
Let Ω be a bounded domain in Cn with the boundary bΩ. A fundamental object as-
sociated to Ω is the Bergman projection P , that is the orthogonal projection of L2pΩq
onto the closed subspace of square-integrable holomorphic functions on Ω. The Bergman
projection can be expressed via the integral representation
Pupzq “
ż
Ω
Kpz, wqupwqdw,
where dw is the Lebesgue measure on Ω and the integral kernel K is called the Bergman
kernel. It is well known that the Bergman projection maps from LppΩq to itself with
1 ă p ă 8 on some classes of pseudoconvex domains of finite type such as strongly
pseudoconvex domains [19], convex domains of finite type [17], pseudoconvex domains of
finite type in C2 [18] (see also [15, 12]).
Let ψ P L8pΩq, the Bergman-Toeplitz operator with symbol ψ is defined by
Tψfpzq “ P pψfqpzq “
ż
Ω
Kpz, wqψpwqfpwqdw.
The study of the Bergman-Toeplitz operators has become a central topic since it is at
the interface of many important fields in algebra and analysis, e.g., C˚-algebra, operator
theory, harmonic analysis, pseudodifferential operators, and several complex variables
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(see [3, 20, 21] and references therein). In this work, we focus on the “gain” Lp-estimate
property of these operators by the effect of their symbols. It is clear that Tψ : L
ppΩq Ñ
LppΩq continuously if P : LppΩq Ñ LppΩq continuously, as ψ P L8pΩq. In order to improve
the regularity of Tψ in L
p spaces, one should compensate by choosing ψ such as ψpzq Ñ 0
as z Ñ bΩ. Working on strongly pseudoconvex domains, Cˇucˇkovic´ and McNeal [9] study
this gain property by choosing ψ “ δη with η ą 0, where δp¨q “ dp¨, BΩq is the Euclidean
distance from the boundary. Precisely, they prove the following result:
Theorem 1.1 (Cˇucˇkovic´ and McNeal [9]). Let Ω be a smooth, bounded, strongly pseudo-
convex domain in Cn and let η ě 0.
(1) If 0 ď η ă n` 1 and 1 ă p ă 8, then
(i) if n`1
n`1´η
ă p
p´1
, then Tδη : L
ppΩq Ñ LqpΩq continuously, where 1
q
“ 1
p
´ η
n`1
;
(ii) if n`1
n`1´η
ě p
p´1
, then Tδη : L
ppΩq Ñ LqpΩq continuously, for all p ď q ă 8.
(2) If η ě n ` 1, then Tδη : L
1pΩq Ñ L8pΩq continuously.
Later on, Abate, Raissy and Saracco [1] show that the gain exponents in Part (1.i) of
Theorem 1.1 are also optimal by using geometric characterisation of Carleson measures
in term of the intrinsic Kobayashi geometry. In fact, they prove:
Theorem 1.2 (Abate, Raissy and Saracco [1]). Let Ω be a smooth, bounded, strongly
pseudoconvex domain in Cn and let 1 ă p ă q ă 8 and η ě 0. Then Tδη : L
ppΩq Ñ LqpΩq
continuously if and only if η
n`1
ě 1
p
´ 1
q
.
A crucial ingredient in the proof of Theorem 1.1 is the precise information on the
Bergman kernel established by Fefferman [10] on strongly pseudoconvex domains. Al-
though, the authors in [9] commented “our proof of Theorem 1.1 goes through, with min-
imal changes, on other classes of domains where good estimates on the Bergman kernel
are known, e.g., finite type domains in C2, convex domains of finite type in Cn”, we ob-
serve that for weakly pseudoconvex domains, the “good estimates” on Bergman kernels
(if established) depend on the multi-type of boundary points, then the symbol should also
depend on this multi-type (the multi-type is uniform on strongly pseudocovex domains).
Thus the symbol δη with a fixed η is not a suitable candidate for the study of gain Lp
estimates of Toeplitz operators on weakly pseudoconvex domains. For this reason, we
shall work on the symbol K´αpz, zq for some constant α ą 0 instead of the symbol δηpzq,
and then generalise Cˇucˇkovic´ and McNeal’s result in [9] and Abate, Raissy and Saracco’s
result in [1] for a large class of pseudocovex domains of finite type (see Theorem 1.3).
In particular, Bergman kernels in this class have good estimates, called “sharp B-type”.
Additionally, we also provide an upper-bound for the norm }Tψ}LppΩqÑLqpΩq. The upper-
bound for the norm of Bergman projection has been given by Zhu [24] on the unit ball B
in Cn, that is
}P }LppBqÑLppBq ď C
p2
p´ 1
, for 1 ă p ă 8.
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Recently, Cˇucˇkovic´ [8] obtains this upper-bound for strongly pseudoconvex domains for a
different constant C.
Our main result of this paper is:
Theorem 1.3. Let Ω be a bounded, pseudoconvex domain in Cn with smooth boundary.
Assume that Ω satisfies one of the following conditions:
(a) Ω is a strongly pseudoconvex domain;
(b) Ω is a pseudoconvex domain of finite type and n “ 2;
(c) Ω is a convex domain of finite type;
(d) Ω is a decoupled domain of finite type;
(e) Ω is a pseudoconvex domain of finite type whose Levi-form has only one degenerate
eigenvalue or comparable eigenvalues.
Then we have the following conclusions:
(1) The Bergman-Toeplitz operator Tψ with symbol ψpzq “ K
´αpz, zq maps from LppΩq
to LqpΩq continuously with 1 ă p ď q ă 8 if and only if α ě 1
p
´ 1
q
. Additional, if
Tψ : L
ppΩq Ñ LqpΩq continuously, then
}Tψ}LppΩqÑLqpΩq ď CΩ
ˆ
p
p ´ 1
` q
˙1´ 1
p
` 1
q
,
where the constant CΩ depends only on the domain Ω.
(2) The Bergman-Toeplitz operator Tψ with symbol ψpzq “ K
´1pz, zq maps from L1pΩq
to L8pΩq continuously.
When Ω is strongly pseudoconvex, from the asymptotic estimates of the Bergman kernel
by Fefferman [10], one has
C1|rpzq|
´pn`1q ď Kpz, zq ď C2|rpzq|
´pn`1q for all z P Ω, (1.1)
where r is a defining function of Ω satisfying c1δpzq ď |rpzq| ď c2δpzq, @z P Ω, for two
constants c1, c2. Using (1.1), one can see that for strongly pseudoconvex domains, the
conclusions for case paq in Theorem 1.3 are equivalent to those in Theorems 1.1 and 1.2.
The proof of Theorem 1.3 is a consequence of the results of Theorems 2.7, 3.1 and 4.1
below. In Theorems 2.7 and 3.1, we give the statement in an abstract setting of domains.
Our work may extend to other class of pseudoconvex domains, e.g., the h-extendible
domains [22]. However, to the best of our knowledge, there are only domains listed in
Theorem 1.3 whose Bergman kernels have the desired “good estimates”. In fact, we prove
in Theorem 2.7 that if the Bergman kernel satisfies the good estimate (named sharp B-
type), then the Bergman-Toeplitz operator Tψ with a symbol ψpzq ď K
1
q
´ 1
p pz, zq (almost
everywhere) for 1 ă p ď q ă 8, maps from LppΩq to LqpΩq continuously. By an additional
geometric hypothesis, in Theorem 3.1 we prove conversely that if Tψ : L
ppΩq Ñ LqpΩq
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continuously with ψpzq “ K´αpz, zq, then α ě 1
p
´ 1
q
. Finally, we verify that all domains
listed in Theorem 1.3 satisfy the hypotheses of both Theorems 2.7 and 3.1 by using the
work of Fefferman [10], Catlin [4], McNeal [16, 14], McNeal and Stein [17], and Cho [6, 7].
Notations: Throughout this paper, we use letters C and C˜ to denote universal positive
constants that only depend on the domain Ω (e.g. n and the type of Ω) and }ψ}L8pΩq, but
may change from place to place. We also denote by rΩpzq and KΩ the negative distance
function and the Bergman kernel associated to Ω, respectively.
2. Lp-Lq boundedness of Bergman-Toeplitz operators
In this section, we introduce a concept “sharp B-type”. Heuristically, if a Bergman
kernel is of this type, then it has good estimates that ensure the Bergman projection is
self bounded in Lp. This sharp B-type condition unifies all good estimates established by
many authors on strongly pseudoconvex domains, pseudoconvex domains of finite type in
C2, convex domains of finite type, and etc.
Let Ω1 be a bounded domain in Cn. For z1 P Ω1 near the boundary bΩ1, a family of
functions B “ tbjpz
1, ¨qunj“1 is called a B-system at z
1, if there exists a neighbourhood U
of z1, a positive integer m ě 2 such that @ w1 P U ,
b1pz
1, w1q :“
1
δpz1, w1q
and bjpz
1, w1q :“
mÿ
k“2
ˆ
Ajk pz
1q
δpz1, w1q
˙ 1
k
, for j “ 2, ..., n,
where tAjk : U Ñ R
ě0u are bounded functions, and δpz1, w1q is the pseudo-distance be-
tween z1 and w1, given by
δpz1, w1q “ |rΩ1 pz
1q| ` |rΩ1 pw
1q| ` |z1
1
´ w1
1
| `
nÿ
l“2
mÿ
s“2
Als pz
1q |z1l ´ w
1
l|
s
, (2.1)
under a proper system of coordinates, see [17].
Let us start with the definition of sharp B-type at a point near the boundary.
Definition 2.1. The Bergman kernel KΩ1 is said to be of B-type at z
1 P Ω1 near the
boundary bΩ1 if there exists a constant c ą 0 such that @ w1 P Ω1 X Bpz1, cq,
|KΩ1pz
1, w1q| ď C
nź
j“1
b2j pz
1, w1q.
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We also say that KΩ1 is of sharp B-type at z
1 P Ω1 near the boundary bΩ1 if KΩ1 is of B-type
and has the sharp lower-bound on diagonal, i.e.,
C˜
nź
j“1
b2j pz
1, z1q ď KΩ1pz
1, z1q ď C
nź
j“1
b2j pz
1, z1q.
Next we give the definition of (global) sharp B-type on a domain Ω.
Definition 2.2. We say that a kernel KΩ associated to a domain Ω is of sharp B-type if
(i) KΩ P CpΩˆ Ωz∆bq where ∆b “ tpz, zq : z P bΩu; and
(ii) @ z P Ω near the boundary bΩ, there exists a biholomorphism Φz whose holomor-
phic Jacobian is uniformly nonsingular so that the Bergman kernel KΩ1 associated
to the domain Ω1 :“ ΦzpΩq is of sharp B-type at z
1 :“ Φzpzq.
Remark 2.3. The B-type kernel condition is originally introduced by McNeal and Stein
[17]. In [17], they prove that if the Bergman kernel associated to a convex domain of finite
type is of B-type, then the Bergman projection is Lp self-bounded for 1 ă p ă 8.
The sharp B-type implies the following integral estimate, which will be used subse-
quently.
Proposition 2.4. Let Ω be a domain in Cn. Assume that the Bergman kernel KΩ is of
sharp B-type. Then, for each z0 P bΩ, there is a neighbourhood U of z0 such that for any
a ě 1 and ´1 ă b ă 2a´ 2,
Ia,b pzq :“
ż
ΩXU
|KΩ pz, wq|
a |rΩ pwq|
b
dw
ď C
2a ´ 1
p2a´ 2´ bqpb` 1q
KΩpz, zq
a´1 |rΩ pzq|
b
(2.2)
for every z P ΩX U.
Remark 2.5. To obtain (2.2) for a “ 1, it suffices to assume that KΩ is of B-type, instead
of sharp B-type.
Proof. We choose U a small neighbourhood of z0 such that ΦzpUq Ă Bpz
1, cq for any z P U ,
where the ball Bpz1, cq and the biholomorphism Φz are given in Definition 2.1 and 2.2,
respectively. By the invariant formula of the Bergman kernel
KΩpz, wq “ det JCΦzpzqKΦzpΩqpΦzpzq,Φzpwqqdet JCΦzpwq, (2.3)
where C´1 ď | detJCΦzpwq| ď C for all w P U , we have
Ia,bpzq ď C
ż
Ω1XBpz1,cq
|KΩ1pz
1, w1q|a|rΩ1pw
1q|bdw1,
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where Ω1 “ ΦzpΩq, z
1 “ Φzpzq, w
1 “ Φzpwq and rΩ1pw
1q “ rΩpΦ
´1
z pw
1qq. Thus, in order to
show (2.2), it suffices to show that
I 1a,b pz
1q :“
ż
Ω1XBpz1,cq
|KΩ1 pz
1, w1q|
a
|rΩ1 pw
1q|
b
dw1
ď C
2a´ 1
p2a´ 2´ bqpb` 1q
KΩ1pz
1, z1qa´1 |rΩ1 pz
1q|
b
,
(2.4)
in which KΩ1 is a kernel of sharp B-type at z
1. Here and in what follows in this proof, we
omit the subscript Ω1 and the superscript prime for convenience.
It is clear that bjpz, wq ď bjpz, zq and b1pz, wq ď
1
|rpzq| ` |rpwq|
and hence
|Kpz, wq| ď CKpz, zq
ˆ
|rpzq|
|rpzq| ` |rpwq|
˙2
, for all w P ΩX Bpz, cq. (2.5)
Since a ě 1, from (2.5) one has
Ia,bpzq ď C|rpzq|
2a´2Ka´1pz, zqJa,bpzq, (2.6)
where
Ja,bpzq “
ż
Ω
|rpwq|b
p|rpzq| ` |rpwq|q2a´2
|Kpz, wq|dw.
We shall use the polar coordinates in zk ´ wk with ρk :“ |zk ´ wk| for k “ 2, . . . , n and
the change of variables ρ1 :“ ´rpwq, ξ :“ |z1 ´ w1|, to estimate the integral Ja,b. First,
we define the increasing sequence tMjpz, ρqu
n
j“1 by induction: M1pz, ρq “ |rpzq| ` ρ1 and
Mjpz, ρq “Mj´1pz, ρq `
mÿ
k“2
Ajk pzq ρ
k
j , for j “ 2, . . . , n. (2.7)
We remark that Mj is independent of ρl for l “ j ` 1, j ` 2, . . . , n. Then, observe that
bjpz, wq ď mρ
´1
j and also
bjpz, wq “
mÿ
k“2
ˆ
Ajkpzq
δpz, wq
˙ 1
k
ď
mÿ
k“2
ˆ
Ajkpzq
Mj´1pz, ρq
˙ 1
k
(2.8)
since δpz, wq “ ξ `Mnpz, ρq is greater than both Ajkρ
k
j and Mj´1pz, ρq. Therefore, the
integral Ja,b, after changing coordinates, can be estimated as
Ja,bpzq ďC
ż
8
0
¨ ¨
ż¨
8
0
ρb
1
M1pz, ρq2a´2
nź
j“2
«
mÿ
k“2
ˆ
Ajkpzq
Mj´1pz, ρq
˙ 1
k
ff
1
pξ `Mnpz, ρqq
2
dρ1 ¨ ¨ ¨ dρndξ
ďC
ż
8
0
¨ ¨
ż¨
8
0
ρb
1
M1pz, ρq2a´2
nź
j“2
«
mÿ
k“2
ˆ
Ajkpzq
Mj´1pz, ρq
˙ 1
k
ff
1
Mnpz, ρq
dρ1 ¨ ¨ ¨ dρn,
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where the second inequality follows by integrating with respect to ξ. We compute this
integral by the following claim.
Claim: For j “ 2, . . . , n, we have«
mÿ
k“2
ˆ
Ajkpzq
Mj´1pz, ρq
˙ 1
k
ffż 8
0
dρj
Mjpz, ρq
ď
C
Mj´1pz, ρq
. (2.9)
Proof of Claim. Since Mjpz, ρq ě Mj´1pz, ρq ` Ajkpzqρ
k
j for all k “ 2, . . . , m, the LHS of
(2.9) is bounded by
mÿ
k“2
ˆ
Ajkpzq
Mj´1pz, ρq
˙ 1
k
ż 8
0
dρj
Mj´1pz, ρq ` Ajkpzqρkj
. (2.10)
For each k “ 2, . . . , m, if Ajkpzq “ 0, there is nothing to do; otherwise, we use the change
of the coordinate x :“ A
1
k
jkpzqρj to getˆ
Ajkpzq
Mj´1pz, ρq
˙ 1
k
ż
8
0
dρj
Mj´1pz, ρq ` Ajkpzqρkj
“
1
pMj´1pz, ρqq
1
k
ż
8
0
dx
Mj´1pz, ρq ` xk
ď
C
Mj´1pz, ρq
.
This proves the claim. 
Coming back to the computation of Ja,bpzq, by the claim (2.9) and an induction argu-
ment from j “ n to j “ 2, we have
Ja,bpzq ď C
ż
8
0
ρb
1
dρ1
M1pz, ρq2a´1
“ C
ż
8
0
ρb
1
dρ1
p|rpzq| ` ρ1q2a´1
“ C|rpzq|b´2a`2κa,b, (2.11)
where
κa,b “
ż 8
0
tbdt
p1` tq2a´1
ď
ż
1
0
tbdt`
ż 8
1
tb´2a`1dt “
2a ´ 1
p2a´ 2´ bqpb` 1q
.
By (2.6) and (2.11), the conclusion of Proposition 2.4 follows. 
The following corollary is a combination of a generalised Schur’s test (Theorem 5.1
below) and Proposition 2.4.
Corollary 2.6. Let Ω be a bounded domain in Cn and 1 ă p ď q ă 8. Assume that the
Bergman kernel KΩ is of sharp B-type and ψ : ΩÑ C satisfies
|ψpzq| ď K
1
q
´ 1
p
Ω
pz, zq
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almost everywhere. Then, for each z0 P bΩ there exists a neighbourhood U of z0 such that
the Toeplitz operator Tψ,U defined by
pTψ,Uuqpzq :“
ż
ΩXU
KΩpz, wqψpwqupwqdw for z P ΩX U,
maps from LppΩX Uq to LqpΩX Uq continuously and
}Tψ,Uu}LqpΩXUq ď C
ˆ
p
p´ 1
` q
˙1´ 1
p
` 1
q
}u}LppΩXUq (2.12)
for all u P LppΩX Uq, where C is independent of p, q and u.
Proof. Let α “
1
p1
“ 1 ´
1
p
and 0 ă β ă mint
1
p1
,
1
q
u. Apply Proposition 2.4 twice for the
pair pa, bq replaced by p1,´βp1q “ pαp1,´βp1q and by p q
p
,´βqq “ pp1´αqq,´βqq, we have
Ip1,´βp1qpzq “
ż
ΩXU
|KΩpz, wq|
αp1
`
|rΩpwq|
´β
˘p1
dw ď C1
`
|rΩpzq|
´β
˘p1
, (2.13)
Ip q
p
,´βqqpwq “
ż
ΩXU
|KΩpz, wq|
p1´αqq
`
|rΩpzq|
´β
˘q
dz ď C2
´
KΩpw,wq
p1´αqq´1
q |rΩpwq|
´β
¯q
where
C1 “
C
βp1p1´ βp1q
and C2 “ C
2q
p
´ 1
p2q
p
´ 2` βqqp1´ βqq
.
Notice that, by the hypothesis of ψ,
p|rΩpwq|
´βq´1KΩpw,wq
p1´αqq´1
q |rΩpwq|
´βψpwq “ ψpwqKΩpw,wq
1
p
´ 1
q ď 1
for all w P Ω. Thus, the hypothesis of Theorem 5.1 holds for
X “ Y “ ΩX U, h1pwq “ |rΩpwq|
´β,
h2pwq “ KΩpw,wq
p1´αqq´1
q |rΩpwq|
´β, and gpzq “ |rΩpzq|
´β .
Therefore, Tψ,U : L
ppΩX Uq Ñ LqpΩX Uq continuously and
}Tψ,Uu}LqpΩXUq ď C inf
0ăβămint 1
p1
, 1
q
u
tτpβqu}u}LppΩXUq,
where
τpβq “
ˆ
1
βp1p1´ βp1q
˙ 1
p1
¨
˝
´
2q
p
´ 2
¯
` 1´´
2q
p
´ 2
¯
` βq
¯
p1´ βqq
˛
‚
1
q
.
We finish the proof of this corollary by showing that
inf
0ăβămint 1
p1
, 1
q
u
τpβq ď 4
ˆ
p
p´ 1
` q
˙1´ 1
p
` 1
q
. (2.14)
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We first get rid of term
´
2q
p
´ 2
¯
in p¨ ¨ ¨ q
1
q by the inequality x`a
x`b
ď a
b
for a ě b ą 0 and
x ě 0. Then we choose β “ 1
p1`q
ď mint 1
p1
, 1
q
u. It follows,
βp1p1´ βp1q “ βqp1´ βqq “
pp1 ` pq2
p1q
“
ˆ
1
p1
`
1
p
˙
pp1 ` pq.
Therefore,
τ
ˆ
1
p1 ` q
˙
ď
„ˆ
1
p1
`
1
p
˙
pp1 ` pq
 1
p1
` 1
p
ď 4 pp1 ` pq
1
p1
` 1
p “ 4
ˆ
p
p´ 1
` q
˙1´ 1
p
` 1
q
,
where the second inequality follows by xx ď 4 for x “ 1
p1
` 1
p
P r0, 2s. This proves (2.14). 
The main result of this section is the following theorem, in which we prove the gain
Lp-Lq estimate of Bergman-Toeplitz operators Tψ.
Theorem 2.7. Let Ω be a bounded domain in Cn. Assume that the Bergman kernel KΩ
is of sharp B-type.
(1) If |ψpzq| ď
`
KΩpz, zq
˘ 1
q
´ 1
p almost everywhere with 1 ă p ď q ă 8, then Tψ :
LppΩq Ñ LqpΩq continuously. Furthermore,
}Tψ}LppΩqÑLqpΩq ď CΩ,ψ
ˆ
p
p´ 1
` q
˙1´ 1
p
` 1
q
,
where CΩ,ψ is independent of p, q.
(2) If |ψpzq| ď
`
KΩpz, zq
˘´1
almost everywhere, then Tψ : L
1pΩq Ñ L8pΩq continu-
ously.
Proof. We choose a partition of unity tχju
N
j“0 and a covering tUju
N
j“0 to Ω so that
supppχjq Ť Uj , U0 Ť Ω, bΩ Ă
ŤN
j“1 Uj , and the integral estimates in Proposition 2.4
hold on Uj for all j “ 1, . . . , N . Denote by 1A the characteristic function of a A Ă Ω. So
we can decompose Tψu as
Tψu “
Nÿ
j“0
χjTψu “ χ0Tψu`
Nÿ
j“1
χjTψpu1ΩXUjq `
Nÿ
j“1
χjTψpu1ΩzUjq.
It follows
}Tψu}LqpΩq ď }χ0Tψu}LqpΩq `
Nÿ
j“1
}χjTψpu1ΩXUjq}LqpΩq `
Nÿ
j“1
}χjTψpu1ΩzUjq}LqpΩq. (2.15)
In order to estimate }χ0Tψu}LqpΩq and }χjTψpu1ΩzUjq}LqpΩq with j ě 1, we use the conti-
nuity up to the off-diagonal boundary of the Bergman kernel. Indeed,
KΩ P C
``
Ωˆ Ω
˘
z tpz, zq : z P bΩu
˘
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implies that there exists a positive constant C such that
|KΩ pz, wq| ď C for all pz, wq P
˜
Nď
j“1
`
psupppχjqq ˆ pΩzU¯jq
˘ď
psupppχ0qq ˆ Ωq
¸
.
Thus, for j “ 1, . . . , N , and z P Ω, we haveˇˇ`
χjTψpu1ΩzUjq
˘
pzq
ˇˇ
“
ˇˇˇ
ˇ
ż
Ω
χjpzqKpz, wq1ΩzUjupwqψpwqdw
ˇˇˇ
ˇ ď C
ż
Ω
|upwq|dw, (2.16)
and hence
}χjTψpu1ΩzUjq}LqpΩq ď C}u}LppΩq, (2.17)
for all 1 ď p ď q ď 8, where C is independent of p, q. Analogously,
}χ0Tψpuq}LqpΩq ď C}u}LppΩq. (2.18)
To estimate the norm }χjTψpu1ΩXUjq}LqpΩq, j “ 1, . . . , N , we combine the fact that
}χjTψpu1Ujq}LqpΩq ď
˜ż
ΩXUj
˜ż
ΩXUj
|KΩpz, wqupwqψpwq|dw
¸q
dz
¸ 1
q
“ }Tψ,Uju}LqpΩXUjq
and Corollary 2.6 to yield
}χjTψpu1Ujq}LqpΩq ď C
ˆ
p
p ´ 1
` q
˙1´ 1
p
` 1
q
}u}LppΩq, (2.19)
for given 1 ă p ď q ă 8. From (2.15), (2.17), (2.18) and (2.19), we have the desired
inequality
}Tψu}LqpΩq ď C
ˆ
p
p´ 1
` q
˙1´ 1
p
` 1
q
}u}LppΩq,
for the given 1 ă p ď q ă 8, provided u P LppΩq. This proves Part (1) in Theorem 2.7.
Similarly, the proof of Part (2) follows by (2.15), (2.17), (2.18) (for the choice p “ 1, q “
8) and
}χjTψpu1Ujq}L8pΩq ď }u}L1pΩq
since
|ψpwqKΩpz, wq| ď |KΩpz, wq|KΩpz, zq
´1 ď C, (by (2.5))
for any z, w P ΩX Uj and j “ 1, . . . , N . This is complete the proof of Theorem 2.7. 
The following corollary is the self Lp boundedness of the Bergman projection that
follows immediately from Theorem 2.7 and using Remark 2.5 to avoid the sharp condition
of the Bergman kernel.
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Corollary 2.8. Let Ω be a bounded domain in Cn. Assume that the Bergman kernel KΩ is
of B-type, that means: piq KΩ P CpΩˆΩz∆bq, and piiq for any z P Ω near the boundary bΩ
there exists a biholomorphism Φz depending on z but with holomorphic Jacobian uniformly
nonsingular so that the Bergman kernel KΩ1 associated to the domain Ω
1 :“ ΦzpΩq is of
B-type at z1 :“ Φzpzq.
Then the Bergman projection P is self Lp bounded for 1 ă p ă 8 with the norm
}P }LppΩqÑLppΩq ď CΩ
p2
p´ 1
,
where CΩ is independent of p.
3. Sharp estimates of the Bergman-Toeplitz operators
As we have already showed in §2 that TK´α is bounded from L
ppΩq to LqpΩq if α ě 1
p
´ 1
q
.
In this section we show that this gain boundedness is sharp with an additional hypothesis
to the B-system.
Denote by
Pλpz
1q “ tw1 P Cn : |w1j ´ z
1
j |bjpz
1, z1q ď λ, for all j “ 1, 2 . . . nu
a B-polydisc with centre z1 associated to the B-system defined in §2.
Theorem 3.1. Let Ω be a bounded smooth pseudoconvex domain in Cn such that the
Bergman kernel is of sharp B-type. Assume further that there are universal constants λ
and C such that for any z P Ω near the boundary bΩ, after mapping by the biholomorphism
Φz (in Definition 2.2), the B-system associated to z
1 :“ Φzpzq has the property: Pλpz
1q Ă
Ω1 :“ ΦzpΩq and KΩ1pw
1, w1q ď CKΩ1pz
1, z1q, @w1 P Pλpz
1q.
Then, if TK´α
Ω
: LppΩq Ñ LqpΩq continuously with 1 ă p ď q ă 8 then α ě 1
p
´ 1
q
.
Proof. We may assume α ą 0. The proof is based on upper and lower estimates ofş
Ω
|KΩpw, zq|
2KΩpw,wq
´αdw for z approaching to the boundary.
We first give the upper bound of
ş
Ω
|KΩpw, zq|
2KΩpw,wq
´αdw by using the sharp B-
type condition and the assumption TK´α
Ω
: LppΩq Ñ LqpΩq continuously. Since KΩpw, zq
is holomorphic in w P Ω,
KΩpw, zq “ P pKΩp¨, zqqpwq “
ż
Ω
KΩpw, ξqKΩpξ, zqdξ
and hence
KΩpw, zq “
ż
Ω
KΩpw, ξqKΩpξ, zqdξ “
ż
Ω
KΩpξ, wqKΩpz, ξqdξ.
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Thus, we haveż
Ω
|KΩ pw, zq|
2
KΩpw,wq
´αdw “
ż
Ω
KΩpw, zqKΩpw,wq
´α
ˆż
Ω
KΩpξ, wqKΩpz, ξqdξ
˙
dw
“
ż
Ω
¨
˝ż
Ω
KΩpξ, wqKΩpw, zqKΩpw,wq
´αdw
˛
‚KΩpz, ξqdξ
“
ż
Ω
´
TK´α
Ω
pKΩp¨, zqqqpξq
¯
KΩpz, ξqdξ
ď}TK´α
Ω
pKΩp¨, zqq}LqpΩq}KΩpz, ¨q}Lq1pΩq,
(3.1)
where the last inequality follows from Ho¨lder’s inequality and 1
q1
` 1
q
“ 1. Since TK´α
Ω
maps
from LppΩq to LqpΩq continuously then (3.1) continues asż
Ω
|KΩ pw, zq|
2
KΩpw,wq
´αdw ďC}KΩp¨, zq}LppΩq}KΩp¨, zq}Lq1pΩq
ďC
`
KΩpz, zq
p´1
˘ 1
p
´
KΩpz, zq
q1´1
¯ 1
q1
“ CKΩpz, zq
1´ 1
p
` 1
q .
(3.2)
Here, the second inequality follows by using Proposition 2.4 twice for pa, bq “ pp, 0q and
pa, bq “ pq1, 0q.
In order to get the lower bound of
ş
Ω
|KΩpw, zq|
2KΩpw,wq
´αdw, we first use the invari-
ant formula (2.3) and | det JCΦzpwq| ě C uniformly to getż
Ω
|KΩpw, zq|
2KΩpw,wq
´αdw ě C
ż
Ω1
|KΩ1pw
1, z1q|2KΩ1pw
1, w1q´αdw1.
By the hypothesis: there exists λ ą 0 such that, if w1 P Pλpz
1q then w1 P Ω1 and
KΩ1pw
1, w1q À KΩ1pz
1, z1q, it followsż
Ω1
|KΩ1pw
1, z1q|2KΩ1pw
1, w1q´αdw1 ě
ż
Pλpz1q
|KΩ1pw
1, z1q|2KΩ1pw
1, w1q´αdw1
ÁKΩ1pz
1, z1q´α
ż
Pλpz1q
|KΩ1pw
1, z1q|2dw1
ÁKΩ1pz
1, z1q´αKΩ1pz
1, z1q2VolpPλpz
1qq
ÁKΩ1pz
1, z1q1´α.
(3.3)
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Here the third inequality follows by the sub-mean property and the last follows by
VolpPλpz
1qq “ pinλ2n
˜
nź
j“1
bjpz
1, z1q
¸´2
« pKΩ1pz
1, z1qq´1.
Since KΩpz, zq “ | det JCΦzpzq|
2KΩ1pz
1, z1q (by the invariant formula) and | detJCΦzpzq| «
1, we get the lower boundż
Ω
|KΩpw, zq|
2KΩpw,wq
´αdw ě CKΩpz, zq
1´α. (3.4)
Therefore, by (3.4) and (3.2), we get
K
1´ 1
p
` 1
q
Ω
pz, zq ě CKΩpz, zq
1´α, (3.5)
and hence KΩpz, zq
α´ 1
p
` 1
q ě C. Letting z Ñ bΩ, we obtain α ě 1
p
´ 1
q
since KΩpz, zq Ñ 8
as z Ñ bΩ. This proves Theorem 3.1. 
4. Proof of Theorem 1.3
As mentioned in §1, the proof of Theorem 1.3 is complete if we can verify all domains
listed in Theorem 1.3 satisfy the hypothesis of Theorem 2.7 and 3.1. The main goal of
this section is the following theorem.
Theorem 4.1. Let Ω be a bounded, pseudoconvex domain in Cn with smooth boundary.
Assume that Ω satisfies one of the following settings:
(a) Ω is a strongly pseudoconvex domain;
(b) Ω is a pseudoconvex domain of finite type and n “ 2;
(c) Ω is a convex domain of finite type;
(d) Ω is a decoupled domain of finite type;
(e) Ω is a pseudoconvex domain of finite type whose Levi-form has only one degenerate
eigenvalue or comparable eigenvalues.
Then, the Bergman kernel KΩ P C
8pΩˆ Ωz∆bq and for each point z near the boundary,
there is a biholomorphism Φz depending on z but with holomorphic Jacobian uniformly
nonsingular and a B-system associated to z1 :“ Φzpzq such that the Bergman kernel KΩ1
associated to Ω1 :“ ΦzpΩq has the following properties:
(1) |KΩ1pz
1, w1q| À
śn
j“1 b
2
j pz
1, w1q, for w1 P ΩXBpz1, cq. Here c is a universal constant.
(2) KΩ1pz
1, z1q «
śn
j“1 b
2
j pz
1, z1q.
(3) There exist universal constants λ and C such that the B-polysdisc Pλpz
1q Ť Ω1 and
KΩ1pw
1, w1q ď CKΩ1pz
1, z1q, for any w1 P Pλpz
1q.
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Proof. Inspired by the work of Kerzman [11], Boas [2] proves that the Bergman kernel
associated to smooth, bounded, pseudoconvex domains of finite type is smooth up to
off-diagonal boundary, i.e, KΩ P C
8pΩ¯ ˆ Ω¯z∆bq. Thus, we only need to verify the local
properties after the bihomomorphic mapping Φz.
The details of the proof of conclusion (1)-(2) can be found in paper by McNeal [16, 15],
Cho [6, 7], Catlin [4]. For example, the proof of the upper-bound estimate of the Bergman
kernel, i.e. (1), has been established on strongly pseudoconvex domains [10], pseudocon-
vex domains of finite type in C2 [18, Theorem 3.1], convex domains of finite type [16,
Theorem 5.2], decoupled domains [14, Theorem 2], and pseudoconvex domains of finite
type whose Levi-form has only one degenerate eigenvalue or comparable eigenvalues [6,
Theorem 1] and [7, Theorem 1.1]. Moreover, the sharp estimate of Bergman kernel on the
diagonal has been shown on strongly pseudoconvex domains [10], pseudoconvex domains
of finite type in C2 [4, Theorem 2], convex domains of finite type [16, Theorem 3.4 and
Theorem 5.2], decoupled domains [14, Theorem 2], and pseudoconvex domains of finite
type whose Levi-form has only one degenerate eigenvalue or comparable eigenvalues [5,
Theorem 1]. The proof of (3) can be given as follows.
By the characteristic of domains listed in this theorem, one can construct a biholomor-
phism Φz associated to a given point z near the boundary of Ω such that the conclusion
(1) and (2) hold for the B-system tbjpz
1, ¨qunj“1 associated to z
1 “ Φzpzq defined as in §2
by
Ajkpz
1q “
ÿ
k1`k2“k,k1,k2ą0
ˇˇˇ
ˇˇ BkrΩ1pz1q
Bz1k1j Bz¯
1k2
j
ˇˇˇ
ˇˇ .
Here rΩ1 “ rΩ ˝ Φ
´1
z . The construction of Φ hinging on the nice geometric properties on
these domains also give us
nÿ
i,j“2
mÿ
k“2
ÿ
k1`k2“k,k1,k2ą0
ˇˇˇ
ˇˇ BkrΩ1pz1q
Bz1kii Bz¯
1kj
j
ˇˇˇ
ˇˇ |w1i ´ z1i|ki|w1j ´ z1j|kj ď C nÿ
j“2
mÿ
k“2
Ajkpz
1q|w1j ´ z
1
j |
k,
for w1 P Bpz1, cq. Thus, by the Taylor expansion, we have
|rΩ1pw
1q ´ rΩ1pz
1q| ď C
˜
|w11 ´ z
1
1| `
nÿ
j“2
mÿ
k“2
Ajkpz
1q|w1j ´ z
1
j |
k
¸
, (4.1)
for w1 P Bpz1, cq, for a sufficiently small c ą 0. Thus, if we restrict w1 P Pλpz
1q, then
p2|rΩ1pz
1q|q´1|w11 ´ z
1
1| ď λ and for each j “ 2, . . . , n; k “ 2, . . . , m,
mÿ
k“2
ˆ
Ajkpz
1q
2|rΩ1pz1q|
˙ 1
k
|w1j ´ z
1
j | ď bjpz
1, z1q|w1j ´ z
1
j | ď λ.
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As a consequence,
|w1
1
´ z1
1
| ď 2λ|rΩ1pz
1q| and Ajkpz
1q|w1j ´ z
1
j |
k ď 2λk|rΩ1pz
1q|, (4.2)
for all w1 P Pλpz
1q.
Combining (4.1) and (4.2), we get
|rΩ1pw
1q ´ rΩ1pz
1q| ď Cλ|rΩ1pz
1q|,
and hence rΩpwq « rΩpzq for a sufficient small λ ą 0. This means rΩpwq ă 0. Thus,
Pλpz
1q Ť Ω1 for some small λ.
Using the nice geometric properties of these domains, McNeal also proves on convex
domains of finite type [16, Proposition 2.4] and similarly for other domains listed in this
theorem (see [15, Proposition 4] for example) that if w1 P Pλpz
1q then there exists c and λ˜
such that Pcλpz
1q Ă Pλ˜1pw
1q. Since KΩ1pz
1, z1q « VolpPλpz
1qq, we have
KΩ1pw
1, w1q ď CKΩ1pz
1, z1q, if w1 P Pλpz
1q.
This completes our verification. 
The following corollary follows immediately from Theorem 1.3, that is a refined result
by McNeal [15], Phong and Stein [19] for the Lp estimates of the Bergman projection P
and also generalises the works by Zhu [24] and Zhao [23] for the upper bound of the norm
}P }LppΩqÑLppΩq.
Corollary 4.2. Let Ω be a bounded, pseudoconvex domain in Cn with smooth boundary.
Assume that Ω satisfies at least one of the following settings:
(a) Ω is a strongly pseudoconvex domain;
(b) Ω is a pseudoconvex domain of finite type and n “ 2;
(c) Ω is a convex domain of finite type;
(d) Ω is a decoupled domain of finite type;
(e) Ω is a pseudoconvex domain of finite type whose Levi-form has only one degenerate
eigenvalue or comparable eigenvalues.
Then the Bergman projection P is self Lp-bounded for 1 ă p ă 8, with the upper bound
}P }LppΩqÑLppΩq ď C
p2
p´ 1
.
Furthermore, the self Lp boundedness of P is sharp in the sense that there is no p˜ ą p
such that P is bounded from LppΩq to Lp˜pΩq.
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5. A generalised version of Schur’s test
In this section, we introduce a generalised version of Schur’s test that is an important
tool of studying the Lp-Lq estimates for Toeplitz operators. We believe our generalised
Schur’s test is of some independent interest as well.
Theorem 5.1. Let pX, µq, pY, νq be measure spaces with σ-finite, positive measures; let
1 ă p ď q ă 8 and α P R. Let K : X ˆ Y Ñ C and ψ : Y Ñ C be measurable functions.
Assume that there exist positive measurable functions h1, h2 on Y and g on X such that
h´11 h2ψ P L
8pY, dνq
and the inequalities ż
Y
|Kpx, yq|αp
1
h1pyq
p1dνpyq ď C1gpxq
p1, (5.1)ż
X
|Kpx, yq|p1´αqq gpxqqdµpxq ď C2h2pyq
q, (5.2)
hold for almost every x P pX, µq and y P pY, νq, where 1
p
` 1
p1
“ 1 and C1, C2 are positive
constants.
Then, the Toeplitz operator Tψ associated to the kernel K and the symbol ψ defined by
pTψuq pxq :“
ż
Y
K px, yqu pyqψ pyqdν pyq ,
is bounded from LppY, νq into LqpX, µq. Furthermore,
}Tψ}LppY,νqÑLqpX,µq ď C
p´1
p
1
C
1
q
2
}h´1
1
h2ψ}L8pY,νq.
Remark 5.2. We remark that Theorem 5.1 generalises the Schur’s test of Zhao in [23,
Theorem 1], which is a special case of ours when X “ Y , ψ “ 1 and h1 “ h2.
Proof. The proof of this theorem follows from a standard argument, as in [9, 23]. Using
Ho¨lder’s inequality and (5.1), it follows
|pTψuq pxq| “
ˇˇˇ
ˇˇˇż
Y
p|K px, yq|α h1pyqq
`
|K px, yq|1´α h1pyq
´1|upyq||ψpyq|
˘
dνpyq
ˇˇˇ
ˇˇˇ
ď
´
C1gpxq
p1
¯ 1
p1
ˇˇˇ
ˇˇˇż
Y
|K px, yq|p1´αqp h1pyq
´p|upyq|p|ψpyq|pdνpyq
ˇˇˇ
ˇˇˇ
1
p
ďC
1
p1
1
¨
˝ż
Y
|K px, yq|p1´αqp gpxqph1pyq
´p|upyq|p|ψpyq|pdνpyq
˛
‚
1
p
,
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and hence
}Tψu}
p
LqpX,µq ď C
p´1
1
¨
˚˝ż
X
¨
˝ż
Y
|K px, yq|p1´αqp gpxqph1pyq
´p|upyq|p|ψpyq|pdνpyq
˛
‚
q
p
dµpxq
˛
‹‚
p
q
.
Since 1 ă p ď q ă 8, we can use Minkowski’s integral inequality (see [13, Theorem 2.4]
for example). From (5.2), the estimate continues as
}Tψu}
p
LqpX,µq ďC
p´1
1
ż
Y
¨
˝ż
X
|K px, yq|p1´αqq gpxqqh1pyq
´q|upyq|q|ψpyq|qdµpxq
˛
‚
p
q
dνpyq
ďCp´11
ż
Y
pC2h2pyq
qq
p
q h1pyq
´p|ψpyq|p|upyq|pdνpyq
ďCp´11 C
p
q
2
ż
Y
h1pyq
´ph2pyq
p|ψpyq|p|upyq|pdνpyq
ďCp´1
1
C
p
q
2
}h´1
1
h2ψ}
p
L8pY,νq}u}
p
LppY,νq.
This proves Theorem 5.1. 
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